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ABSTKACT 

Tne is^uipaack probJLto naa lrar.1Li011ai.iy i.een solved by dynanic 

pro(3razitai. u', t.i;.u .   ^   >>re :f?ce;L enia.wrative ai^oriUin» by re C, 

ßiloort a/i.^ Hi   .. OGBOIT
1
 haa proved 5.<,;;«rwiiai Bore efficient.   In thl.*» 

par-br reijti.;:ö are d«vtIop«d wücn subttanliAUjf reduce the number 

Of iolutlont waicn nust be exaniu-ed l)y the Gilaort OmMPf method» or ty 

any al^arttim far ti,-*« knapsack   >roblMi whic. uaw a.-i enuaeratlv« ba«e. 

y./UT re«uit.«  «n^lUe eertftin ppobiem» for which trie üjJmcre-GoDory aethod 

reriviCHS aLi..ost to eonpiltte MUMHratlon to be i»olv«d ai*ter exanuuriin^ only 

a handful of aUeniative:io    Ccmputtt ttucics t^. provide detailed 

CCBVtriScnt of nethodi woich no and dc not «npl^y thHS« resulta have not 

.,»:.  beser» uncer;i»A«jr., 



Form of U,e JjrobUuh. 

The ta^apttiCd ^roblaut Mü? be wrlt-nn 

(1)        MaAiialz«      «x 

subject to        ax _: a,,    x > vJ «nd x integer» 

where c »•  (c,    om    ...    o 1 anu A - (a.    a^ a  j are 1  x a row 12 n 12 n 
T vectOPM of poait.lvfe constafitfi.,  b 1» a poaitive «cai&r, aixl x •  Ix..    Xj   .   . x ) 

is an n x 1 coJu.arj vector of noji/ief.ativf Integer vartablesr    frequently 

(1) is acconpanieti tij a;i •dditlonal nmt of rv»<»tnation« of the form 

x^ < a.  for 1 -   i,     -,v.   ., n,   1;. .vhl«n ßase ve Mill rrfer to it as the 

boun<le<l variable kruipea7K prcbi«n 

Practiral  ap^liftation for the iciapeack proolwrn of sotum al^nlficaLai e 

haa been found by P. C, Gi^more and R. Eo Gomory,    In reference» 3 and u 

these authors show how the knapnack problem may be used to enable cey aln 

.".^'i***   • rogranu/iing probl.ema involving an enomoue number of variable» 

to be usefully handled with linear programming methods.    With the introdwctlon 

of a special enumerattv« algorithm in ILJ» Gllmore and Gomory found it 

possible to obtain solutions for the knapsack problem about five times 

more rapidly than with dynamic prograra/jng«  and thereby were able to use 

their method as an adjunct to the  Jinaar programrulng algorithm to solve 

pnobleioa  from thi paper Industry within reasonable time limits on the 

computer      Nonethel^sr«., coutput aMon devotee» to uoiving tie  knapsack 

problems was a &izable fraction of total computation,  so that Improved 

algorithms for pfobll (1) wrul :  seem to IM* assured of imaiediate app-liar.!  n 

In what foilow» we will  first outline the enumerative algorithm 

for   (1) proposecJ oy QilaON ana OoflOiyt a/io then by means of   llacuasion 



and theorems dev*ilop relations de&xgned to exclude a substanlia) 'iuuiber 

of "»olutions i'rom coaüid^palion when applying aiiy such on'-uncrattve method. 

Gl j ..^re and Go^ory s Method, 

It is oustotiary in aeaii;^ with probten» (1; to Index aach variable 

x^  in tenr-s of its oontributiOQ c,   to the objective function va^ue, .llvlded 

by the amount a.,  by which thia variable    ocrupie» a j:)ori<ion of tne 

available "apao:*' In the constraint, ax < b-    This practice appears to have 

orlginstMl with Dtntti^l 12j*  atu will be adhered to throughout the 

reiaUnuer of tfalt ^japer; 3  e..,  we aeMume c./a,  > c./a... > > c /a 

fh*» a.lgoritho of Gi Liiore ana Gomcry uses tola imiexing as the 

basis for a lexisographlr oraerjng of thie solutions to bt enumerated,   and 

as ^ iv-ana for testing when OMTtAia solutions ;aay be bype?e«iü In the 

enumerrttion.        It  ray be obs»' rved that the   .'uxico^raphicaily largest 

■oiutlon x whicn saiisties ax ,< b Is given tsy 

x^    ■    ib/a   },    c,nü 

1     *    lib •    I     a xJ/a J for k • 2,   »•« » n, 

since nleariy no value of jt-j  car. exceed x,, and given x.  • i., no value 

of x_ --an «xceerl x^. etc/    Alst, by aeflnlüg s * aaxCl |   x   f 0), It may 

be see.i ttmt for any feasible solution x to (1), tne  lexlrographlcally 

largest solution S vhi-h is lexicojjraphicaliy sjoaiier t^lan i 1» given by 

foj   k < o 

I 
for  K « f 
,v     1 

I.U        I *x)\]   for k« • « l n 

i      The Gl l-m rv-Ta'aory ;i.etnoJ is coupltd with a technique which enables 
a numbt^r of kria 'nack problems hüvlng the s&ase a and c vectore to be solved 
sliault.ineoualy.    '"he IASIS foff thia technique may b*» sean by noting thai 
the pet  of fösalble •olutiOfll  tc   (j,  for b -  b, is a subset of tl»e set of 
fea^ibi-e yriutlcn^ to  vi;   for  b > bu« 
*      -.»   u       ■ .•  lymb *     »"   to thi  grootott  Lntocar >.esr. i.ha;. or oquft]  to ?; 

t> 1     loncto the    ioet  Int  gor tr>-h .of than or e'jua, to i 

v 



KflMpI for tJw test which rules cen.Ain sclutic.n» out. of 

con   :     prilloM. the Cil«DW Qcwoey  nethoo bc^ln-» wif    >hl  lexicographically 

larger,   x, Aitd then redeflr.«» i to «q»iAl xf  rtpMiiA£ i-b.i•' proc«8«i until 

there ere no BO) at ions   lei'l to br ^e/joratoo.     i     AVO1«I ft!u,uerat.iori of all 

posMlbj ijtiej»  tne xari'eRt vaiue .1 of c-< oblAlüet at &ny pol//t m tne 

pr-oces:   ic uoau to rul« out txMlnatlon of oome 01 those •olutioai x for 

whicn (X^ A     Thia  is MOOttpllvbtd «a   ;oljowe- 

For a 7  rtaaluie •olufcion A ♦  conslüwr problfli  (1)  »»uoject to the 

■dÜtiona]  Ptttrietloil that  \    * x      i'or i «•  lv   ..•  ,  »,   ■vhere  -      ,     -.-een 

hen  vl;  la repiiice.-i by :'n   - 0 tor 1 ■• 1 

laxUoif.e             c,x. ♦    ex 

»uojeot to I   *.x4 <   t   ■ ax",- 
!>*      l 1 

I*  a • hs  tho ob.lev.'tive fuüct Ion v^. 4.UB  for thia prybl«ai Is trliriail/ «qual 

to ex1.     Othervise, an upper bound on the value of the objective funrtion 

for  (-?    ie given ty r«laxlj^g the integer requirements on th« variables a, 

for i v a.    Jam to the ordering of the varl.Hbiee the solution to the problem 

in thif  case is clttarxy to tane the valt« vf x    , as large as possible» 

or x    . -  (b - ax" )/a    .«    This yirlü» the objective funcLlon »aiue 

ex      •    C,
Ä»)^   ' *x')/*    i«  which we *j;» ctarote by M>    laus    given any 

aoiutlon x'f a necessary oonditlon that there exist an integer »olution 

x'  «»uc}   t.hat ;jt   > H and x. * • x, "  for i  < a la Junt M >   M.    Gilaore and 

0<.):uory use tala fa^t  In their    aignrltlvi by flivjaang th« licp »fhlch 

deflret x into two parts.     In 'whe first  part trey define the solution x 

9 .►/•• 

/   x.    If k «C n 

\    * 
fc *    • ■  * I  If 



where » • max(i  |  x,  / 0/.     if M -> Mi th« <!«•*'»r.li IOJ. of x it» comrafftaö as 

earner. ?f>Q vhe iniTitinri piocasa eontUUMii m Lntcrrvpi^«    ^JI  if 

A < il^ ail  »cXkitlcnis  ifhloil agTM   id h  A    I •  <he  f^rst, a üMpaMOltt 

(ineludlng x) 'tiay cl*cir*y bt   Lpiorvd«       -u» ' ."»J nMCt stKp of ihm enumeration 

woui/l l"» tu v ovair. LKV nnw < Hhleli ^^ t >• Lxioogtmphiotlly *.Ärß«»t aclution 

lejdcoKraphicAljy fl;aai-.er than x -    t*it  in fact  ". f. n*w x cannot agree 

vrtth x' In Us first a - 1 oofcpouepts  (a still uefmed relativ« to the 

previous x), since than x aupt. cw smaller thar. a1 ill the eth ooapunant« 

and the tatt M > H would citmriy be   failed ö<ai,.„    (H oannot incraaa« 

j/itii x ^ is Incr^sea for «it  least one 1 such ti.it. 1 < •«)    Thus, whan 

M < M» Jf    Is lAViediatei/ set equal to 0$ and the vector x la defined 

relative to this  latter r 

In conjunction with their algorithm» Qilaora and dooory use a 

prelloilnary trloE.lng technique which throws away a number of the problem 

variables before enumeratlor begins.    Whenever c<  • e.» one of the • wo 

variables x. or x. nay be discarded« depending on the relativ« sites of 

a   and a       Thus for B« * • J *nu «i $•«• the variable x. may be dropped 

-«inoe it may always be replaced oj x.  In any optimal solution.    While 

GlUaore an^i Go.aory note that such an equality of "prices'* would not 

nonaall/ be expected,   they tounu it to occur with sufficient frequency 

U  tDs   }■ a.'-i»:os thay exaa. ned to cause the average size of these problems 

*o be reduced from 30 to 18.2 variables^ 

In this section we will consider the aore general Jura of problem (] 

t r. > where tne B.  are assume i to be integer 
i. 

flMD -i.  > rb/a, j, will we continue to rffer tc x,  a?j "unbound^,••    It la 

nridant thai the ImxleograjAlaally '.ar^e; ♦  feasilM«» <»*.iut}on x to (!) 

In wh.icn x. <;   a.     for 1 • 1# •« 



for the locre genörftj. formulation is given by 

x,    ■    «aiMa.,» [b/A,]), and 
/ J i    k-1 
i,     ■    aün(x , [(b £   * x.)/*  1),  for K - 2,  •••   * n» 

SiullarLjf,.  for any f«a«lbl« loluti«»] *,  the lexleogimplllotllj Largesi 

feasible holatlon x which is iexic-.graphically srtaller ti^Ar. x Id givrn 'oy 

/\ for k < e 

x    *     4 xj,. - 1 for h     ■ 

\ ;ainü's .   t (b I    «,*.)/&. ])    for K > a0 
■ %-•!       l   1 K" 

«he, e a ■ fljAx(i |    x.^  f • ;, a»   beforeo 

«e wj x fc MÜMTC to the convention ttet x wlii always be <lef.ln*»n 

as abcve rei. ttve to an> ijiven x     We Mill  «lao  follow tbe conventU-n, 

unless apöclft^ci utheooe,   Lr.al x   wili \y* defljied a» in the preceding 

section to be the sa.ae aa x except In the sth «'omponont» L". which CHr»»? 

x     " x    ^ I«    As alrer.cy noted, ar.y »ojutu-r. iexicographicaliy »naa.. ler 

tha^i x iBu.it agrtt with x'   m the first s ooftpoowitt« 

The proof! of tne Iheoreus to follow f.re given Ir» the appendix-. 

'DiHorera 1      Tf thore axL.t ncinncga'-lve integers h.  such that 

(i)hk>o. (u) ^s^i^v uu) ^ Vl < h^ , and 

(Iv)   Kb     a Ji, //a  )   «• ^ ^ a   for all  i such that IL ^ 0 and I / k., 

then thsre exists ar. opUaal solution x* to  (1J in which x. * < h. . 

Horojver,  If      i.  i.e.  > h.c. » ti»er x *   ' a,   in every optical ■olutioo 
* A    1   i K   iC K «v 

x* to  (l)= 

When h.   m\t   rheorem ) gives a somewhat stronger criterion foe 

ruiing farlablM ^ut  of consioeration tl>an provided by the ft rtultous 

condition c.   - .    ,     )ne of tht  sLapIer wayo to exploit the tlioori «'»en 

thf x^  are unboundod   Is to ^r- M X    whenever an 1 exlsla 3U^r. t^iat 
« 



^C./C^A.  < a«    Substantial rtduetloa of the space of solution» to be 

erv  irjnteö ;nay also be ei'iecte.i by ual nf the theorem to provide more 

rebtrictive upper bou/ius for Bom of the problem varlabÜes-. 

iia.yiia.ize IUJ ,   *  Sx- + J^t,   • 6x.   • "^x. •  10*.  ♦ Bx^ 

subject  to      8?^  « 2*2 •    7Xj  '   3x.   ♦ i^xv  ♦    6»^ •► Sau    <    79 = 

For thla ^robleai in unbounceO variables,  x,  jwy be n<n*i to rule out till 

vanab'es except   x-  am! x   .  using t^e relation <cJr Mk. < a.,     In aodltlon, 

x^ arM x.  < 1 are Ijoplied by the coefficients of x, and X-, r^^pectlvexy. 

ite observe that a^y thaorM concernijig proL.lein (1; applies also 

to prooleia {2} of the  preceding »ecwion, with 1 restricted to l > s, 

b raplaaad by b      ax   .   «Lc      Thus wnen the c   are too a.'tfil3   to permit 

extensiTe u^e of  Theorem i oef        the enun^raticn begins, it nsay be noted 

th.5.t mure f;*altAii resuuto tri*.y    .-. avaAlable when  [ (b     ax )/«.] becomes 

r.toser to u{      In ttxia caset certain variables «nay be "temporarily" ruled 

out of consideration 

Tha next three theorems present additional ways of uncovering 

restrictluna on the x.  Hbao e  feasible solution is obtained. 

Theorera ?      For ar.y feasible solution x, and for any a such that 

«x   > a   > b.   let  r    -   f l 1  1 / Qr <c /c4> < a,   -  x.  • La <c /C.>ä. < a "I. q q       ,•,      '   ^        qi    —   i        I q'li—   q^ 

Then tner»' exists an optiuusl  solution x* sud. that (I) x * < x . or 
q  -  q 

(li; St* < x.  for at laast ore i such th.it 1 / P       If in the definition or 1 l q 

P »    [u /c. )  ♦ J  x^pi.TCHS        <o   't>* then  (i) or (ii) ^mst  hold for every 
q q    1 q    i 

optjjnai aolutlor   s*. 

\      I  «»lie lie way  of ksapillg traci«  of such tcnfcrary restrictions is given 
by  thr au lior In  [Jj,  where aofa flexible enumeration   •n.cedures than the 
lexicographically   ^ecreaoir^ ■olutlOB sequence are also presented^    ^imllSf 
proceauros are alsr.- ernpJoyf^i by Bgon  BaJas  in in« prior article [1]« 



One of th» u»os of Iheorem 2 la as folXows«    Suppose t flntlblt 

sol  ? i^n x Is obtain«! at. any print Ln t^le maMMtifll) vroeea? for wJic/i 

a!* ♦ a   > b   and k,  • 0 for i ^ P^.    Then if   tlKllltitlj foUow» that 

x * • Ü In loat optical  tolution n*, ind hflie« tha varlatie» «.   iaav bt 
q q 

droppe^j from '.he prcbitau..    Siallftrlj« wner. a    » A   > 0| «nd tht »«Ti»« 

conditions aa atove cth«rvi»« obtavr.*  ».   »«MV ^"«»placf* >*   to pro*id« « «or« 

restrictive uppnr bcu.-ia   >r 
•> 

Ivxam^j«. 

I^JL,   » 17JL   ♦   ■ Tx     •  ^6x.   •   Kt^,,   «   '.^x,   i   r^Ä_   ♦   l^ 

subject to      ix.   •    AJU *    Sx^  <    ?x;   •    Jx-   *    4x,   ♦    ojt,?  •    ^x.   ^   »3 

anc ÖL»  • ^ to* »ii  I» 

Po" tMe exa.fl.ie^ a fetaiLle aoiuti f: Is givtiu by x^   ■ f. for 1 < 'Jit wid 

x.  * 0 for I > >.    Hence,  appljr'.r.g DMOTCü <»  it  foiiowe thai  »,,.*.-..  and 

Xg stay be eil-nlnated from oonaioeraUorj In Hiolvlng for th« optiaum« 

Theoreu-a 3^-    For any feaalbie ao.utlon x In wiitct» ♦.hwre exists a ooponent 

ip > 0. let 3p • ^1 I i ^ Pi Vy < %     ir ' ^   'W^P ^ *1 i" " 

Ihen t'iere exieta an optima., ao^utio.". x* irj which    (i) x, * > x      or 

(ii) x,* > x.  for at  least   ur.e I  suRh tl^t  1 / 3        if In the definition 

of ^ »    vr*/c > la replace! by    c,/«?  i •  U then  sit  jr (li) holda for 
pip !   1 

every c>pti.-ai sciutlo/i x* to (l)a 

Thfjoreu 3 ia very nearly 5 revopae  ij^ge of TheorciB ^,    One use for 

thlf thtom uccora when a f«aa^blK tolution x ia obtained T^r which 

x   > 0 anc L*  1. for i ^ >« , (except poatl^ly for I • p}.   The prcbletn 

may then bt BjnpDfi«! by replacing *    with the r.ew nonnr^atlve 

IfM.ere    variable x    • x    - x ,  Mfaioi  har. the  i-. er l>jaj*d a       x -    (3f 
r        P        ? y       P 

01    ■ x    ■ 0| theni    •;HV ol eourM  I      roppod.j    A soeond tao ia rriven 



8 

by the following corollary. 

Corollary to Theorem 3»    l-ot x be a feasible Bolution for (1), and  let. 

8 •  aa4i | x. ^ 0),   Then x || optimal if    (ij a.  > b - ax for 1 > n, 

(il)    x, • a.  for 1 < e, an»! (lii) for each i «JK! p euch that p < »,  i > » 

c    > c, and a   < a., 
P -   i P -   I 

i'bgujple» 

Kaxüaize Mx^ • Ux^ • 9^ « 10x,   * Sx,   •  9x6 • Ax- 

aub.lect to       2xl ♦   A^  *  3x^ •    4.x.   ♦ ia^ ♦ 5x6 ♦ /uu   <    32 

^ -    30 6 5 5 7 3 5 

Applying -ihe corollary to thia prooleo ruwals tnat the solutjon 

x obtained by Mttlaf x   ■ a. for i < A ana x.  - 0 for i > A is optimal 

Iw  ia lo be noted that the corollary provides a sufficltMt conaltion 

for the lexicographically largest feasible solution to (I) to be optima 

iVI    i x replaces x In the enumeration process, by .jxter.fvjon the corollary 

may also be used to give a sufficient  condition ttiat x is optima)   from 

a.a.>ng those which agree nun x in the first s ccjaponenta, proiridlng a iw*anp 

for sbortcuttlng the eniimeration when the proper conditions obtain. 

A thtow of a so^.wv«  it cifferent nature,  out which mav also be 

U3i3d to identify an optL'iiiil soUtion,  cr prescribe bcünas for certain of 

the x< , ia as follows. 
I 

IdMPIk'    ^^ * "^ • ^ given Ä8 io ■'whe precod..^ ^rollary, and  ^et 

q be any aubsTlpt greater than •«    let G * b      ax»  and let  h oe a  poslvit» 

integer MOh i-hat    a   > G/ho    Then if c /(a    ■ C/h) < c /a  .    ther« nxlstf 0 q q      q -     H'   s' 

an optima]  solution x* such that  (i) x * < h    or    (ii;  » ' > x.  for at 

la*st one 1 such that  i < ■«    If c /(«       G/h) < "U , then (1; or (ii) 
q      q s    s 

I    .us 'or all opti:ral solutions x* to  (l)c 



■IX    -        6 for All  i« 

3d0 

I'he  f—IMt soi'itl^i  for tMa  pft>blMi -iDtülrte^ b^  J.qt.:iii^ 

x    - a, • 3 for \  v /,, and x,  • J f.r i   » 4    /ielos a Viiue for G  (• h     a*» 

of 4     To  find the ätczi  r»striCtiVl boun.1«   J-   tht x    fo' q "   U *t\ict 

can be Ser\v?.r  fix^r. Lh i.a^    a' l r.  v.« wirh t--  BdniBlM h for «Ach »uch 

v^r ib'ft, «ub.cct. to tht rMirietlom of tha tlieor«i«   Thus for **ch q >4 

it /nay be readily verlfl^o thai Lhf best  wau»* of h ia given bv 

h    ■    naxiiO/a   ) ♦  ',    ^c  .• (c a        r a   )->)      Th'a v'.et-'.« va.uMB of n for 

x   «.hp jgh x,, of 2» 4«  '-  ~» rMfwctivtly«    rit-riiv«, upper bovmii for thane 

v»riHb eo ar^  I,  3» 0«   I 

Th« next tt-.eorem, wnl ie xnt.uitiveiy "-lioerit, it fxtraue.y uaefu) 

for ru.ln^ aoiutlone oat uf oonfläorttion  ^»n trie *   are bO'in*;ecl 

i'iieorej:» 5      hei  !j denote lu* frtttMt  Integer M»ch thuit 

1.   a,a.    ^ b     Then ari jptiial lolviloil x* to (1) when the x    are 
< p 

n >t  requirtid v,o be i:»tef«r 13 t'Avc.:. by 

/"'a.     for l ■< p 

^» for   I   >   p 

V'    •      (b-      E   a.-^./a 
l •   p r 

An iMMiillltii ccneequarjce of ThocreÄ 5  !5 that it prowidwa a 

a uirper t-cet   Lit*n the aoilditioii M   - M when '-he *    are bcuiiciedo      But this 

) t .-^ts ff'...-   lUe x    ^r« 'Afjbcii...leü, a'nee i^i  problem C^J 

X.     .; i ib      'it   //t. J  fir 1 > s      By Theorea j,  '-u-, optUaal fr&c^lora 

i       riM tpMlAJ   CAM  of *-.M9 thtom  lii  «hich r^   -  I   for  ali  I  i« do^ to 



— 

iO 

auiuLlor. x" to prutl«n (2) wh«" the x.  are uiibouitaed is Just 

0 tor i > 4. i / t, l / u 

***    m     f   lib -  «ix   Aj J    for i  ■ t 

(b - ajt       a^x-'j/a.    for i - u 

where t  an»! u ire the twc fill tot   i.  *  -' e,   for which «. < b - AX'     (t s U; < 

i-fcre generiJL-i.v, Theory. 5  B4| *•« applied in this fashion when tne 

variabi'ja  tre boittdMl iay vt-ottlitutinr. 3    ■ iuin( [ib - ax'j/a.j, a.   / for a.., 

restricting I to i ■> *,, av*  reoiacia^ b by b - ax1"-.    If we denote the 

optl.jal v.b.Jeftive funo^lon  vtliM for (2j obtmea by Thecrea 5 under 

the,'   stlpaiatlone by  ■*•.   ^^len thi condition M'  > M is  in feneral 

stronger than   ! > M» anc murt be satisfied if there exists any feasible 

(integer;  solution x such tlwt -x :> M and x.  • x."  for i < s 

how'«v»T, tf* test K* > N has a  iljuitatlun not encounterec by the 

test  R  • X,    The boat one can ao in the oriuaeration p.-ocees when H* < M 

is to r«du !e t e vaJue at  >    by  t—and then rctest tc  see if it can be 
& 

reüuced fuAi er—before de/lr.ing x in term» of x.    This contrasts with 

the abiiAty tc iauedlately .-«el  x    e^uai  to Ü when H v M 

On tho other hand* if Theore.jl f> is applieu relative only to the 

bcunda a-,  then tlM oojectlve iunction value so obtained  lesll it S) yields 

a test whi h e jables x    tu he iATtdlad as wlti; the test Ä > H-    The 
s 

difiererce u+t^een the power of H > N and S > M should be reaclly apparent 

vf.^-i   r,h«J   x,   ir«  liottiRf« 

It ahuuld further be noted llitt the test H > H prescribes a 

■IgniiioMlt flh.jrtrtit   in thö enu.ceratloij process when x     •• a   ,    To 

■I m this  it   ; dst   first  be uhservec ttet DO test  is applied wh-jn x  *  • a 
s s 

in the   ill.«re-lic.ru.ry aig ritte,  siiiM  (in adaitlor» to the fact that the 

tttthorf  do n* roneirt^r bounded wwrlatle»    x    1^ always ueflned so  that 

x     • x -f r». testing »   wiU outllAt a Bothod i-'itor LB i«*n!ch 
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this llicltfttlon le absent,    r'or the ..io.ient« fiow^ver, aasuwe that a step 

exists at wMch x'  la üeflae<l to equa* x.   ind the next VMtOf to be 

found is conei.rallied to a^re«» with  x''   ir  Ltt first  i oo-nponenis.    The 

test H > If il thus apuilc&bie,   .no li   it  \e fallea, all x,   for which 

w s. 1  < s  nay  tx*  se».   «fjaai- to  *..,  whe*-e w » JUVXVi j   i "^ * ~ 1»   **.■*  t ^s+y) 

The reason for this la that  tho lest A > N .-außt continue to be failed 

as  lon^ as XVJ x» *  is tDcre&sea  U) VPIUV for 1 < B«     «he up;'«'" boanus on 

the x.   prevent üi.cl.  in taOTCMUH   i.r   the x *    until x Arc x' ar* redefined 

and ^ n«w viae of s !■ det.er;a..ie<i  eat isfyi;;^ • < w^    TJ.ts Is accomplished 

for eithe'" definition of x'  abi.>v«j by  «etttn^ JL   * 0 for w < 1 < a. 

The fOMfolni rule  in f <ot  'j.pplie» when x' / J- »    To«   *tu.n »  • s      1, and 

x   Is set equal to J in accordance with the observation that x  . and hence 

x *» cannot  increase in the iexicographlcall/ decreasing solution aequenre 

until sooe x    Is decreased for I < •• 

When the probiem Is structured so that cortlnuoue solutions and 

discrete soiutions yield ouch dlfl^rent values for the objeotlvc function» 

It Is 8ub.etia)es possible to get a sharper test than provided by either 

M ^ M or M    > M eiapJy by keeping tracx of infonaation generated in the 

enuneratiort      The Key is to taxe advaiitage of the  fact thnt the value 

of s upon which pruolaa (^j  is oased will be oupllcated a number of tines 

If at toat poinl in the eniuerutior. b -ax"  is no larger than at an 

enrller point  when {2) was aeflnea relative to the saaje s,  then any oounci 

on      I    ^x.     obtained f r the earlier protien; is an upper bound on trie 
l>s    i  1 

ex.:jreß»ion for thf present probiem.    The inüst. restrictive perralsslbi-e 

buuiü Is of courne given eitler by Ih« best  fe filb]e solutlor   fuund for  (2/ 

or by the Inrgft  M M of M'  for w» ich the tobi M* > .-: was fatied 

[n I 4tf of *:« Jtlilty of t^Se f.re/oir.g ri*t5tvi*.s, there are a&ny 
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pn-oie-Tis Hhiel) require the ftpplleatioo of ■däitioiMÜ  x-elatiuns if 

they are Lo be soJvod at all efriciei.tiy*     If. 1 ict, one can readily 

fin   rr>bieia6 for which the procedurei presented 30 fftr ran scarceiy 

i..iprove upon canplet»» en'iiijerntiorio    Kor a v^ry aifauio exaiapie>  conslaer 

the folaütfuif«. 

hjcaiapla. 

MudolM SO*, ♦ TOOL, * Six, ♦ 60x,   ♦ JJx- 

cubje^t to        43^   * ^2*2 •  JOx-  • i^bc^   ♦ 3^5 < ^5. 

where the «.   are unbeunued. 

It oao reaaJly be shown that for this pruLiem the GiIxaore-Crjjncry 

algurlthn will have to enumerate aJLl but two of the entire range of 

feasible solution«      The test M* > M ruieg out a few of these soluticns 

but still requires oxajdnati« r of an excessive number of alternatives. 

To remeoy thll situation,  it is useful to ii.trouuce the sets 'JQ9 8.f S ,  .. 

where wo define 5    -  {ii\  ib/a. ] m K i      Then the following theorem 

ind its coroii^ry allow the foregoing probleu to be solved by enumerating 

only a »L'ißle solution, and provioe a prixiclple wtiich can be used to 

•Xiar.ftdly rouuee the nuuux*r of solutions enuuerated in .«re couiplex problems 

Thty. rem 6.    Ansume that    1 « 3    for all 1, and let 9    • max(a ,  [b/a ]), 

define a suoscrlptea inoaxing 8*5  that  e.    -> c,    -> . ^ > c,   , and  let p be 

trie Ur^est,  ir.aejc for >.hich      t   $a      v H, where H - min(K,      t   0,). 
.1 - P \1    " 1 < n l 

Then thfl ..pti:uai  tolutlon x* to  (l; is given by 

L«    fartWMtt«!/!  the ftfTipUt is sl.'iple enuu^h that not many fe^sibie 
alternative» exist.     However,   iar wi.rse exa, pit»» can easily bo constructerj. 
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J Co     for j > p 

x.  *    * H i,    0 
P J   ' P lJ 

Corollary to  .hecrem 6.    Assuuae that the A.,   are anbounded,  Ud  that.  1  r   S 

for all i.     Furtber i»t a    - aaxic').    Tnen the optlmaJ   soluti^r;  :<* to  (... 
q i 

f^k    for i   • q 

1 i^ü   for i / q 

M.ia the corollary it  cu. b^ la(,tdi*t»lj «»©«u th l  r f.o opt.ija.'..l 

•olutioo to tha foirogoing probloiu 1ä oUainöd by setting x.. * 2o        In 

aoat  proliejofl one Mould not expect tno condltjic-i 1 € ^    to be .net f.jr 

all I      However, advantage ca.i be tak^n of tho proooding cheorem by 

noting that  the »eta SQ9 o,,   o^    form a natura»  partition of the 1  for 

I < n»    Clearly we can ft/id the optl al aoi-tion tj  (l; under Ue 

restrictic taat x, > 0 only If I « w   .    Having done so.   it  foliows th/:: 

if a betlor boiution to  (i)  exists, then x.   > 0 fjr at   ^e-ist one i f S. 

Tims,  in the enaaeration process ail  soiution» ■lüiy be igror»»d wh^ch 

ir.volve x,  > 0 only for I c S  ,     fnis of course applies at e»r;. itafl 

«-f IUO enLLM^ratlon,  for ThooPM 6 aay be as wll •     i'*o  m tmt of 

pn.fclea (2)l    thwt is, If 6
k * f^      i.(b - ax1 y/a  ] m *}$ 

,t    ■ uunU. f  Ub  - ax //a. Jj, tnd   vl iU  Inuiees i are reatrlctej tc   i > ft,, 

then tha solution sae^iflod by ire tt.ecretu is optical for Hi subject to 

.)■   restrlctioo that   <, '  •  x '    for i «. s. 

To Illustrate  sfjeclficaliy how this l;.fonaat.lon 'tiay be exploited; 

suppose that the enumeration process la banoc u:x>n a  lexlcograpJdcal ;y 
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decreaaing Hequcnce of lolutioai as v/iU. the oiLüore-üoaory aieilod.    Let 

x'  be oel'L i«^ in terns of A ^S earlier (i<e.,  x      • x    «1 And x    anu x 

agr.     .11 all other coApo- tots)« and let r • jalnd j   i > » and a. ^ b - *xv ,■ 

jUf - st   r »   .•  ,  where iJ    is cel'iTied relative to proületa {2)  (repisciag 

b :.y b - ax', etc.f  in Thcoraa 6)*    Under the ausunjption that Lne test 

;*  > M is pas-ed, Btpf^Jf Theor«Q 6    U* find the optlflft]   solution tc  (2) 

UlKtei1 the roBtricti^n that  x,   > 0 only if 1 r S.«    Then to flno a bett.er 

■ollltion W9 r.oxt seeK the  iexicofraphlrally   largest x such that 

x.   " xt     for i < s ti/iG x,  >   0 for at least ^ne !  such that 1 ^ 5. - 
1        i - \ k 

m 
BolUttODi  which we itenot« by  x, is ^iven as follows. 

l&t  I    ■    mlM.a,   j   i  > r,  1 ^ J  )o    If L is not w« 11-de fined, 

x coes riot  exist ana the optlaai solution to  (2;  is given by Theorem 6- 

;i.h-.;)v so. 

/ Xj'  for 1 v s 

( l-i 

x.     *        i   ain(a  v   lib -      I.    ax,    -  Lj/'a. ))    for s "   1 < 1 < q 

\ Dda(a.| i(b -     C   ax }/*.!)   for 1 >q 

t-l    .. 
where q    ■       ilnCi I   i -* r.  i ^ ü  ,  «»d a. < b -      L a_xj,    i.e.» 

k X   ' J-l * J 

\ !■   'tiiMOVWrwt"  In the pn-res.s of ai^tgntng values to the x 

.i|)-  re.enninj' x to re Hi^uai  U   x instead of equal  to x vner 

the teo*"» M.-     ..:v>6d anu the ojitliiuil suiutlon is found on S  y oagments 

of lie lolutiof]        ei which alight ottcrwise be eu>'^erated can thus b^ 

by^.^jeo       .    thi   .revloiis 'Ttrrp*! probieo.   If a. • 39 la rei>i«Äcej by 

a    • . roliary to      •   rem 6 no   li>nger applies a.-^  we »till  Irwwe 

tu   tion   .     *'.' ih tf.e QJ Laor» floaoiy aigorit}^ eriu.aer'ite8 nearly <:-very 

*' •■'••.   i)v   ,.'»  n|   tht eniimenticn (VOMdurt in which 
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x Is foUoMMl by x,  only 6 solutions need to be exA-nlned, 

Theoraa 6 vlLl of course have leaü application in those problems 

for vliich H is ;flore ofton e^ual to        C   ß.  tnan tc Kf a situation that 
1 v n 1 

may occur If the a.   are ^lall anu the a    cover a wide range of sites~ 

Kcr the probienis In which Tteom 6 does prove useful, however,  it may 

be pre^erable not to follow x with x im.eaiately,  but to general« only 

th» first n<fnzero coiajxjnent uf x for 1 >    s    (call   u  x.}, a/»d redefine x ar/J 

X1   so th^L 

Tx     for I < h 
x  '   -    ) and      x    -    x '•. 

1 ^Ü      for i   > h 

The tetits H* > M and R > M jjay then be reapplled.  and if they are passed. 

the MM x to follow the current  x deteminod In its first h components, 

In addition to giving the tests iaorc extensive application, an 

advantajrr of this procedure Is the ability It afford»» to skip ex&idnatton 

m m 

of those BOlutiont wrdch lie between x and x at eacK  level. 

To give a clearer idea of how the foregoLig procedure might be 

incori»crnted into a/i enumarative algoriUm, we dlagra;.! such a procedure 

oelow. 

1 Likewise, In the Cllnore-Gonjory algorithm It  woulu soCiCtlmes B«em 
to be prefcraLle to reapply the test A > N as successive nonzero OMpomnt 1 
of x are geru*rated.    A sirapJe decision rule for tiiis siluatlon would txi 
tc est'iblish a numbsr 6 (6 > 0) and reapply the test, R > M for »urcesslve 
gontjjt.uents of x only if   I   < & * M     ►ilmilar rcmarKs apply to testing 
M > M and M* '» M      It should be noted, however, that  replacing x by x. may 
signlflcantiy cringe the test situation, so that the decision rule Jn this 
case might reed tc be more complex to oe effective. 
2 Mithout the Inclusion of adoitlonal  rules, this procedure can l>e a.ipUed 
oiJy with dirflcuity to th« sJmultaneüus tolKtloil of several KnaosarK pfObltaB 
In tne manrjer^uutlined ty Oil^ore a;.a OoaCVJa    The roaeor, for this is that 
the solution x deflaed  rejative to b • b*, unlike the solution x, is not 
aiway«  JoxiojgrapMraiiy greater than or equ*.'  to the solution x aeflnei 
polotj ve no  o *  b* 
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Startx 

LetM-P 

I 
Determine r and S.  relative to problem fJJ^^^ 
(Initially letting e • 0 end using problem 
(1)), and find the optimal solution on S. 
by Theorem 6«   If this yields an objective 
function value for (1) greater than M, increase 
M accordingly.  

No 
Does r exist, and is ihere an i~> s sueiTCHaC 
i / S^ and i / SQ? 

Tes 

Let Xj.1 ■ x. for 1 < h, and x, * ■ 0 fo' i > h, 
where Xu is the first nonzero component of x 
torX 3C Redefine x so that x " x* • 

■■ 

Let x," 0 for w < i < s W <i < 8 

^k 

^E Jbs. 
No 

JL 
x • 1, and redefine 

If s is well-defined for the current x, let 
3^ • • aL for i / ; and «g*  ' 
x so that x - x1 • If s is not well-defined» 
terminate. The current value of M is the optimal 
objective function value.  

1. The definitions of 8, r and Sk are those used in defining x above» and 

the definition of w is given in the dicussion of R. The tests R > N and 
If > M are applied to x* as it is specifically defined in the algorithm. 
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The purpose of the foregoing diagram is of course solely 

Illustrative.    It is not to be construed as a representation of H 

highly  efficient algorithm« since it makes no use of mny of the results 

of this paper» and fails to employ rules for avoiding computational 

dupllrations or for bypassing the tests when they are u..     -ely to yielü 

results. 

In addition to the procedure outlined in the diagram, other more 

refini^d results may also be derived from Theorem 6.    For example, suppose 

that the test H > M is applied under the provisional assumption that 

x« ■ ic (r c    ö. ) and x.  - 0 fcr i e S, , i / r, where r is defined as r & i K 

above.    If the test is failed, it follows that for any optimal solution 

x* to (2;, x * < k or x * - 0 for all i ^ S. .    For suppose that x * - k* r j K r 

Then in order to satisfy ax < b, x,* ■ 0 for all 1 ' S.   except 1 « r. 

But x, * > 0 for i / S.   is then impossib le, since the test M > M was 

conducted under precisely these assumptions.    Moreover, the failure of 

the test implies that if i replaces r in the test for any 1 e S , i > r« 

the test will continue to be failed as long as a   < a .    .tore generally, 

there can be no assignment of values to those x,  for i £ S    and 1 > r 

which yields   I a.x.    <   ka , where the surouation Is over 1 c S. f 1 > r< 

The fict that x. > 0 is required for at least one 1 / s
k still holds 

(provided the optimaa on S.   has beer tourvl), and may be used to develop 

still further restrictions. 

Joncluslon. 

The objective of this paper has been to develop relations which 

may be used to improve the efficiency of axgorithms for the knapsack 
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problei»   R«sultfl dcrivod h'ive tweii LlliiBtratad prir.clpAiiy Ln !► r. 

cf a Itxlocgmphloallj «2»??rB'iElri*»  ?oiutior;  -.»«querice r.ucK a« p . 

Ly GiLaort aiid Go/auiy, alth ugh we havt Bhom t^t It can bo adrant   gtoiu 

to dtfivirt  troa the wny ir which ClLnore a-« (kuaory rjcfi^e Boot^eutlvi 

BolutlonsJ    e» g.t topXcqrlng ihecr«.   6 ind f< LXOWIAII X with x Instead    f 

>   Ak«s it posalbl« t<   •»• Jve etrtain prol L«CM aftar aiOMiiiing only 8 

fr oil •: of the altematlvM tiuiBamtad by Ml .^-re <u.a Ck oory«    although 

>r resiuta   .Viy l»--   .::-eJ  tu  -i  v''.ri*t.y of wiys,  the actual de"!,-;     f ■- 

J »fcclflc algorithm'—aucoapt for   wrposai oX lllustratlon-«haa r.;>t u,* • 

.    i 

x..    for A Bpaaifie ni^; rithn -■ Loh dai Li iritl  the Lntegar prograaBln 
pr bla    oro ganarallyj ano Mhleli i.   baaad Ln part on paaulti Pound la 
I h a papara »ae . I I 



Pro' f nf T*i»jr^iü "I»    jupfx'3e that x '  " p > h.   for »-rae optiinal solution 
A K 

x*  -o (1).    Then j^* •_ L(b - pa, ;/a 1 for ench 1 ^ k-    define q -  LpA U 

and let x,   ■ x, ^   - qK, and **  * x4*  * q*5*   tor I / k-    I'hus ^ ^ x,   < »• v 

and cluarly ex > ex* and ftjt<ax* by (il;  .\:*f.  (ili)|  hence x Ifl optlxai 

provided x   < u    tori f k«    ri>il8 i^ assuröd provided 

L(b  . r'aK/'/a1 1  ♦ qbj $ a    for hj / 0 and i / k.    .ncn p * ), p > h    > 0 

irapliea q •  I and tn«» ftbov« relation hold«  ^y Uv).     In ^efieral,  we note 

that  ajV«.  > ^lAb ^ {iii)f ana since p/h.   > Ip/h,! * qw  it fellows Ihht 

to the first anc last  expressiufie yi^lü^ 

(b ■ fVnak;/«l    * hj >    (b - paK;/a1    • q^ ,    But tnen 

C   (b - ^Äjj)^*;.     * n\\    ~    l(b - pa  //a.     *qh. 1.    ana tlAM h    and qh 

are Integor,    ir(b - ^^'^.l • h. > [ (b      P^V*. J * qh .    hence 

x   < a   by (Iv).    «»hen      1 \n   > h. c. , ve obtain ex > ex*, proving the 
I -   1 l/k 1 *       ^ * 

L"\at part of the theorem oy contradict ion« 

FVo^-jf of  ihecreix»^.    Aeauae tMt  for everj' optiiaai solution x*, 

x, * > x.     for all  i ä f m ana x  * > x  .    Then for every such sciutlon. 

x.* K x.   r>r It  least one 1 t P    <say for I • p; In order t.. satisfy 

ax" < b.    Lat x*  specificaliv denote an ootLna*.   iolHtioa for which x * 

atSii-TiPs ita stüBlIest  traius.    Then auf In« x'  byx  '  'x, * Ifl ^p ar.o  1  / q, 

x  ' • x '  - 1* iMi x      • x *  ♦ vc /c >-     w^ear^y ax'  v ax*, ex'  > ex*, qq ppqp r a       » C       • 

ind x     'X    • *c /c > -   1   -'   a , contrary ta the assuoptlun th.it 
P    -    P q    P -      p " p 

x   > x ' in any epti-aai  siiutlcn.    i«ihe<4 [c^/c, j • 1 replaces <c /c.>. 

the second j>art ef tie thcofta twnrtlittlj  follows liy Jetting x* ieiu te 

an;  optloftj   loltttioa in  which (i) ind   (lij  ^re both false, ana noting 

JiDpHes the cr.ntrajlctlon ex*  > ex* 
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rVüüf ol' 3heoreui j.^    iäuppoüe thai for every opti.äal solution x'r 

>. * < x      auiä x '  < x,     for ali i / ^ -.    Let  it further b« *33UJ*3ri LhAt 
P P i~l r  ^p 

x*   i-note* an optimal   BoluÜOO in which xr ' aiMMM UP largest  value.» 
P 

Sinot ex*  > ex    (or eist» x * • x    wcuiLd b« .-«sa\bie>» x.' > x,   for acnie 
p P 1 i 

1 C 0 « »ay for I • q      3ut thM U) tht »oluticr x   def.ifld Ly 

y.     » x4*  for i / p ana i / q, x     ^ x •      ls  anu x     - x "  •» <c /c >,. 
i        1 q       q p       p q   p 

^e have ex1' > ex", ax* < ax*.  ine x   ' < o  , contrary to tlie aas^aptloi: 
— ■• p   •    p 

thflt x       A *  in äu;./ cptjaial aolution to  il)-    then <c /c > la rapiarec 
P        P q    p ^ 

Ijy Cc /e j   ♦   L| the  second ;xr,rt  of the  theorem fJIICWB  analogously. 

et     ig  v* denote any optiuiaJ loltltlofl li) which (i ) and (11) arf: both 

faise, and notint; thnt ex'  > ex" 

ftrooi of v^roltary to Theorei.. Ji.    Note that  for i  < 8 ano 1 > a 

a       x    *  1 • 1 - <c./c >, and hence ^'c.   c >a    < a        i'hup for each 
PP i^p* ipp-l 

j   t,  i   mciudee all  1 > s, ana there exists an optlaial solution x* 

i^'i rfhich U) x *> x    or (ii)   .x * > x.  for some 1 / ^ . hence for eome 1 ^ s. 
p ~   p 1 i P ** 

Slr.M   [ii]  J» lapcsaibie,    for each p £ s there exists an optlmai  eclutlon 

in ^iuch x      • x        Select one such p. say p ■ q> tuA Itplant 

The vau^able x    by tne constant x ,   reducing the original problexa to a 

new one.    Clearly ire cot'oal  solution to this latter prchlaa in 

uonjunclion wHh x    * x   yields an o{Aimai  »olution to the original 

problem,     .-^ut for trie now problem, Theorem 3 again lap Lie« that for eawh 

r—InllH p such thit  p v; s, x " - x    In sume optl-aal soiatlon x*..    Thus 

"e x  .   reoeat the process of ;•■• -t :.-./-: one such p, denote! by q    and 

•    ■ the variable x^ the constant value x      continuing until  no moro 
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p remain which satisxy p < q.    But aVr.ce a.  > b - ai for i > s 

there is no ■olutioQ xk  in vrf.ich x '  • x    for L- < s «ujo x ' > 0 for 
P p h - i 

1 > s      f'eiice x is oiltiaftl* 

FToof J!" Tho-re;:; ^^    SuppOM that Tor ev» ry opit.-ai solution x*, x * > h 

and x,* < x    for all 1 < s,    iionsivier tr.e pmhlMil    ^AXiiai^e    ex, 

suj.^ct to ax < ax    (• b - G), and X-  v x    for i < So    I/i this latter 

pn;^Lem nBsu..ie also that a    1H rppiacod L>7 a       G/h.    Islnce x *   * h 

In tie oriKln-J   probio.«, then '.f>; öa..ie solution x* yleias    OX* < b   "    '' 

in the r.«w prt-.blea.    Jut x is optlmcil fur the iiew probleia by Iheorea 5 

(j roved bei.ow>.    Hence ex > cx*t and x is In fact optiaal  for the 

jrigiruii   prcbiem,  contrary to the fact that x    • 0 < h.    The lant  oart 

of the thtOfM follows llflllftrlji   letting x* denote a slnßle ■oliltlOB 

f.r which t^.e theoreui  is supposedly false,  and concluding ex > ex*. 

rroof ol* 1 teuren 3-    Assuune th^ thooretr. filse, and let x aen^t-e a feaslol« 

ool'it ion to (1)  for which ex > cx*^    Lot    I    denote the sanuoat ion over 

those 1 for which x.  > x,*, and let    w** deiKle tne sumnkition ower these 

1 for whxch x.   < x.*.    Then     ex •   ex* •    I' c^x.  - x *)    • 1n *A\   ■ >,* 

-   ^ a^^ - xi*)c1/al      ♦    I" av(Il - x.*)^^ 

Kcp/a^    V ^(5,      x^)    *    Uj/^J f^^ij  -x/) 

•    »c /a  ,   \zx      ax*/,  since frua the definition oi" x*  It,  fuKows that 

ail   i  aasoctatetf »^Ith  L'   satisfy i < r>  anö all -»  asauclated ~.W   -*" 

satisfy i > po    BUL ax*   r    ■   a,a¥     •    a Co -      - a, v }/*      %    b, 
<-«i* P ^'»'P 

and hence ax ■ ajt* < 0.    Thllf ex - ex* s, C, contrary to a: ^^üption. 

RpSl of IteMM fe«    !»•« M»t« that x • • H,    i^-*     3.  for ail la 
1 < n 1 * * 
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and tn&t      ^    ax*    < a R < A k < b, where a    - OäXCA. ),.    Inxe to the 
L .; n  :   ^      -   ^    -    4^ 1 * 

i.i of tht iubtoriptad ladaxtng«  i- ?.* <   cixi* for ''^ 
i < n l<n 

■olut! «   x such th^t      •■    ^    < H.    Clearly    E    x.    <     L    ß.   li' x ia 

featible«    Hence  It ra;.airis to sfiov oiiiy that 
i s ri 

< k for «my feasible 

iolution x« Suj:»ose on the soatrtiy that  <• x^ > k ♦ 1, and lot 
i •'. n ' ^ 

>   a      /-    Xi     '    & (k * i)    >    bv 
~     P 

a    • ml;.(i,).    Then      <-    a.x.    >   a      /-    x, 

Nhieh La Imfwsslble. 

^£8^  Q^' tha fifiP^Sg tv- JDMUPBJ^*    ^nt' coroliary It a 3j,K»vl6kl case 

of the theorec.. 
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